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Abstract 

Accurate asymptotic expressions are given for the exponentially 
small eigenvalues of Witten Laplacians acting on p-forms. The key 
ingredient, which replaces explicit formulas for global quasimodes in 
the case p = 0, is Barannikov's presentation of Morse theory in [Bar] , 
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1 Introduction and main statements 
1.1 Presentation 

The Brownian motion of a particle, at position x{t) (in for this rapid 
presentation), and experiencing a gradient field — 2V/(x), can be modelled 
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by the Smoluchowski stochastic differential equation (see a.e. [Nel] ): 



dx = -2Vf{x)dt - V2hdW , x{t) = xq G M"' . (1) 

Local minima of the energy profile, /, are stable steady states when h = 
and become metastable states when h > and small, li h > is thought as a 
temperature, the lifetime such a metastable states Uq is exponentially large in 
term of 1/h. Its inverse Tuo{h) follows an Arrhenius law Tu^ih) oc e ""^ °' , 
where the activation energy EactiPo) equals 2(/(f7i) — fiUo)) and Ui is a 
proper saddle point, of the energy profile /, associated with Uq . Those 
inverse lifetime are actually the exponentially small eigenvalues of the Feller 
semigroup generator, associated with ([1]), 

-2dJ.d^-h^., = ^{-hd^ + 2dJ).{hd^) onM^ (2) 

defined ~dx) , while e h dx is the invariant measure associ- 

ated with ([1]). 

The analysis of these activation energies, or exponentially small eigenvalues in 
terms of has motivated various mathematical studies within the probabilis- 
tic approach and simulated annealing techniques in the 80's (see for instance 
[HKSj jFYWe] ) . More recently several works have been devoted to the accu- 
rate computation of the prefactors, Puo{h) in Tu^{h) = Pu^{h)e ""fc °' , with 
a probabilistic and potential theory approach in |BEGK] |BGK] , or with PDE 
and spectral techniques in |HeNi2j jHl^ [HeNilj |Li^ [Lip] [Li^ |HHS2j . 
After conjugating with e~h and multiplying by h, the operator ([2]) becomes 
a Witten Laplacian acting of functions (0-forms) 

{-hd, + dj).{hd^ + dj) = -h^A + |V.P - h'A, = d)^j,df,H = Afl , (3) 

with df h = e~h{hd)eh = hd + dfA and d*j f^ = hd* + iv/ • 

On a general configuration space, that is a manifold, the Witten Laplacian, 

acting on the space of all smooth differential forms 

A/,h = {df^h + d)f^f = dlf^df^h + df^hdlh (4) 

is decomposed as the direct sum Af^h = ©^=0^/^^ with A^^^ acting on p- 
forms. It provides the geometrically intrisic writing, depending on the metric 
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g and the Morse function /, and exhibits the relationship with other struc- 
tures. In his celebrated article |Witj . Witten showed that this deformation 
of Hodge theory allows one to recover analytically the Morse inequalities for 
the function /. The number of eigenvalues of Ay'^ lying in [0, /i^/^) equals, 
for h > small enough, the number rrip of critical points of / with index 
p, while conjugating the differential with provides an isomorphism in co- 
homology between the de Rham chain complex {Q*{M),d) and the chain 
complex {fl*jrf^,df^h), where ^2^^ is the space generated by the eigenmodes 
with eigenvalue less than h^^"^ for A^^, and df^h the Witten differential. 
Shortly after Witten's article, it was proved in HeSj4] that the 0{h^^'^) eigen- 

values of A^^^ are actually exponentially small, A^^"* = 0{e~~h~) without 

specifying the C^^'^'s. The values of the activation energies Cf ) for p = 
were already known from |FrWe] |HKS] . The accurate determination, in the 

case of functions (p = 0), of the prefactors, P'^\h) in A^°^ = p'^\h)e 
came later, motivated by probabilistic questions in |BEGK] |BGKj , or by the 
analysis of the Kramers- Fokker- Planck operators in |HerNij . 
The accurate computation of the small eigenvalues of A^^^ is made diffi- 
cult by the interactions due to the tunneling effect between the rup quan- 
tum wells, with a hierarchy of weakly resonant tunneling quantum wells, 
according to the terminology of |HeSj2| [HeSj3| . This hierarchy, which or- 
ders the exponentially small quantities, can be solved by considering the in- 
teraction via the deformed differential dj^y, with the eigenmodes of A^*^^^ 

and via the deformed co differential dj^^ with the eigenmodes of A^'^^'' . 
When p = 0, it is simply understood within the probabilistic approach 
by ordering the exit times, following in some sense the intuition of Ar- 
rhenius law. It actually amounts to elementary topological arguments by 
considering how the number of connected components of the sublevel set 
= {x, f{x) < A} varies as A crosses a critical value. Moreover, the analy- 
sis carried out in [HeNi2j [HKN] [HeMlJ [LepT] relied on the im- 
portant remark that the eigenvalues of A^^are the squares of the singular 

values of the differential c^j"! • The Fan inequalities (see |Sim] ) for singular 
values then allow to propagate relative errors (i.e. small errors relative to 
various exponentially small quantities). 

(p) 

For all these reasons, the study of exponentially small eigenvalues of A^ ^ for 
a general p, is a natural question which is also encountered in geometry (see 
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for instance [Zha] |BiLej |Bis2j and references therein) or in statistical physics 
(see [TTK] ) . A first attempt was done in |Lep4] , extending the result for 
p=0top = 0,l,2on surfaces, with simple duality and chain complex argu- 
ments. For a general p, the global quasimodes of the form XUoi^)^ ^ ~ 
used for the case p = in |HeNi2j [HKN] [HeNilj [LepT] |Lep2] [Lep3] and which 
propagate the information through weakly resonant quantum wells, are miss- 
ing. 

The solution comes from the use of Barannikov's version of the Morse 
complex from |Barj which fits exactly the handling of global quasimodes for 
Witten Laplacian. There are two reasons for this: 

1) this new chain complex has nice restriction properties which are im- 
plemented by boundary Witten Laplacians; 

2) a side result coming from this presentation of Morse theory allows to 

f(x)-f{Uo) 

replace the analytical computations with XUoi^)^ i^i the case p = 0, 

by a subtle repeated use of Stokes' formula. 

We conclude this introduction by emphasizing that the accurate analysis 
of the tunnel effect required for the computation of exponentially small eigen- 
values, goes far beyond the instantonic picture (see |Bot2] ). which sticks in 
some sense to the intuition of classical mechanics. However, it is remarkable 
that discriminating between so small quantities (exponentially small quanti- 
ties e~^^^^ as /i — 0) is made possible by global topological arguments. 



1.2 Assumptions and result 

Hypothesis 1. We shall work on an oriented compact riemannian manifold 
(M, g) and f will be an excellent Morse function : f is smooth has non 
degenerate critical points and these have distinct critical values. Moreover, 
homology and cohomology will always be with real coefficients. 

Barannikov's simple Morse complex, allows to partition the set of critical 
points, W = {x G M, V/(x) = 0} (resp. the set of critical points with index p, 
jj{p) _ 1^ g V/(x) = , sign(Hess f)(a;) = {d — p, p)}), into upper, lower 
and homological critical points: 

U = UuUUlUKh (5) 
resp. = W^^^ U U^^^ U ^ . (6) 
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Homological critical points in W^"* are associated with the kernel ker(A^^^) ~ 

ker Aj^^^gg and their number is the p-th Betti number /3p = dim Hp{M, M) . 
The boundary operator of Barannikov's chain complex, defined on (Bugu^U, 
associates with any U' G U^^ an element U G such that f{U) < f{U'), 

and vanishes on all other critical points U' G Uh U Ul ■ Details are given in 
Section |2J The second assumption avoids technical (nevertheless interesting) 
questions about multiplicities of non zero exponentially small eigenvalues. 

Hypothesis 2. The values f{U')-f{U) obtained for U' G Uu and dsU' = U 
are all distinct. 

Here is our main result 

Theorem 1.1. Assume Hypotheses\J\and\Ehold. LetUn, Ul, respectively 
denote the sets of homological, lower and upper critical points. 
Forho small enough andO < h < Hq, there exists a mapping j fromU := W/^U 
UlWUu onto cr(Aj^ft)n[0, and the restriction jp := j|^(p) is onto a{A^^l)r\ 

[0, and one to one provided the eigenvalues of a{A^^l) are counted with 
multiplicities. 

Moreover, the map j satisfies the following properties: 

1. ForU^P^ mU^^\ 

2. ForU^P^ inU^l\ letU^P+^^ denote the element of U^J'^^'^ s.t. dB{U^'P+^^) = 
U^P\ Then, there exists a homological constant k{U'''^^) G M* such that 



^ |A?)---A?)| \Hessf{U(p+^y)r- 

X e ^ h (1 + 0{h)) 



where \\ \ . . . ,\\' denote the negative eigenvalues of Hess f{U^^^), f 
i G {p,p + l}. 



or 



3. Finally , forU^P^ inWj\ the equality ]{U^p^) = 3{dB{U^P^)) = 3{U^^~^^) 
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I.e. 



holds with f/(P-i) := 9B(f/(P)) G U^r^\ 



X e"^ h (1 + 0{h)) 



where A^ , . . . , A^ denote the negative eigenvalues of Hess f{U^^^), for 

i e {p-i,p}. 

A relative version of this result, implemented with boundary Witten 
Laplacians, is given in Subsection 14.51 at the end of this paper. 

Remark 1.2. Although we are not able to prove it in general, there is a 
strong indication that the "homological" constant Kp{Uo) equals ±1 . This is 
indeed the case for p = as shown in IHKNflHeNi l^fLepS^ . By duality it is 
also true when p = d . Finally in the case of surfaces treated in lLep4^ , a 
combination of these results says that it is true forp = 0, 1, 2 . 
A general proof requires a better understanding of the topological aspects of 
Morse theory and of Barannikov's construction. 

Surely, this constant is completely determined by the structure of the homol- 
ogy groups of the sublevel sets H^{{f < A}), A G [— oo, +oo] . It does not 
depend on h, on the riemannian metric g or on the Morse function f (as 
long our generic assumptions are fulfilled), contrary to the other factors. This 
is a reason to use the attribute "homological" for this, up to now unknown, 
constant. 



2 Barannikov's simple complex and Morse the- 
ory 

In this section, we adapt the approach of Barannikov, using notations and 
definitions better suited to the treatment of Witten Laplacians. 

2.1 Sublevel sets and bases of Morse theory 

Remember that we work on a riemannian compact oriented manifold (M, g), 
endowed with an excellent Morse function according to Hypothesis [H With 
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such an assumption we may identify a critical point U with the corresponding 
critical value c = f{U) . For any index p, < p < d = dim M, the set of crit- 
ical points of / with index p is U^p) = |[/^^\ 1 < A; < mpj . It is equivalently 

represented by a vertical line with a rup points with heights c"^^ = f{U^^)^ 
1 < k < nip . The vector space spanned by these points is denoted by C^'^\f) 
and we set = ©p^o^p(/) • We shall construct explicitly a differential on 
C(/) quasi-isomorphic to the Morse chain complex associated with /. 

For A G [— oo, +oo], denotes the sublevel set {x G M, f{x) < A} while 
fx denotes the upper level set {x G M, /(x) > A} and f^ = {xEM,\<x<fi}. 
Let us recall a few elementary facts related with Morse theory known from 
pn]jBot]jLauT]jLau2] . We refer to jHat] pvTas] jBoTu] jFuI] for basic material 
in homological algebra. When A G (min /, max /) is not a critical value, 
and fx are boundary manifolds, while = M, /a = for A > max / and 
/a = 0; /a = ^ for ^ < Klin / • When there is no critical value between Ai 
and A2 ,the natural inclusion of f^^ in /^^ (^resp. fx2 in /aJ induces a ho- 
motopy equivalence and therefore induces an isomorphism of their homology 
groups: 

\fpe{0,...,d} , Hp{f^^) = Hp{f^') and Hp{fxJ=Hp{fx,). 

With the help of the five lemma, this holds also for the relative homol- 
ogy groups /"O and H^f^^, f^-), and H^ifx.J^.) H^fx.J^) for > 

Ai, A2, as is easily seen using the long exact sequences 

H.+i{f') — H^+iiF) — H,+i{f^, f') ^ H.{f>^) , 
H*+i{f^) H^+i{fx) — ^i/*+i(/A, f^,) — — ^ H^{f^) . 
when yU > A are not critical values. 

Passing a critical point with index p and critical value c, the pair (/^^^, f^'^) 
is homologous to the pair dW), associated with the p-cell = \ dW 
(see [Mil])- This gives using excision 

- Hp{f^-^) - Hp{f^+^) - Hp{f^+% /-^) - Hp_,{f^--) - Hp_,{f^+^) - , 

(7) 

with dim Hp{f'^~^'^, f'^'^) = l and ensures that for k ^ p,p — 1 we have the 
equality of HkU^^') . 
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This yields two mutually exclusive cases 



or 



H,{r-^)^Hp{r+^) and 
and Hp.,{r'^)-^H,_^ir+^) . 







(9) 



The Poincare duality takes a nice form owing to Theorem 3.43 [ HatJ (M is 
oriented), with the excision argument /^) = H^:{f^, {/ = A}): For two 

non critical values — oo < A < < +oo, the cohomology group H''{f^,f^) 
is isomorphic to Hd-kifx, ffj.) ■ In |Spa] -p296, this is called Alexander duality 
and proved, without excision, via coverings and Mayer- Vietoris techniques. 
With fx = {—f)~^, this is often summarized by changing / into — / and 
inverting indexes p and d — p . Thus, the dual version of ([7]) for a critical 
value with index p is 



^ Hd-p-l{fc-e) ^ Hd-p-l{fc+e) ^ Hd~p{fc^fr, fc 



■ Hd-p{fc 



Hd-pUi 



p\j c+e ) 



For this, use the excision property 

Hu{f'^', f-^ = H,{{c -e<f <c + e},{f 



e}) 



while noticing that according to Poincare duality Hk{{f = c — e}) is isomor- 
phic to H-^-^-^if = c-e}). 

Hence passing a critical value with upper level sets leads to the two exclusive 

cases 



Hd-p{fc 



Hd-p{fc-e 



and 



^ Hd-p{fc-e, fc+e) Hd-p-l{fc+e) Hd-p~l{fc-e) — ^ , 



or 



^ Hd-p{fc+e) Hd-p{fc-e) Hp{fc-e, fc-\ 

and Hd-p-i{f c+e) Hd-p~i{ fc+e) ■ 







(11) 
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2.2 Classification of critical points 
2.2.1 Partition 

The critical points are divided in three classes, and we prove that these 
classes make a partition of the set of critical points, satisfying a number of 
additional properties. 

Definition 2.1. 1. A critical value (resp. point) c of f is called a lower 
critical value (resp. point), if the natural mapping 

H.{f'+',f'-') -i/.(M,r--) 

vanishes. 

2. A critical value (resp. point) c of f is called an upper critical value 
(resp. point), if the natural mapping 

H.if'^') — 

vanishes. 

3. In all other cases the critical value (resp. point) c, is called an homo- 
logical critical value (resp. point). 

Remember the long exact sequence for the triple {X, A, B) where B C 
AdX: 

H,{A, B) H,{X, B) H,{X, A) H,_i{A, B) 

and the commutative diagram associated with a map : X ^ X' satisfying 
ip{A) C A' and ip{B) C B': 

H,{A, B) H,{X, B) H,{X, A) — ^ H,_i{A, B) 

ip* <p, TpZ V* 

^ H,{A', B') H,{X', B') H,{X', A') H,^i{A', B') ^ 

(12) 

Proposition 2.2. The set of lower critical values (resp. points) and upper 
critical values (resp. points) are disjoint and the classification into lower, 
upper and homological critical values (resp. points) is a partition. 
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Proof. Consider the long exact sequences correspionding to the triples 

(X, A, B) = (/^+^ /-^ 0, ) and (X', B', A') = (M, 0, ) 
with the mapping : M = /+°° : 



Id 



■ oc .c+e 



Id 



H,{M) 



Now, assume that both the mappings /^~^) — )■ H^:{M, f^'"^) and 

H*{f^^^) — )■ Z'^"^) both vanish. This implies that d is injective 

while = . This contradicts the commutativity d = d' o ioo,c+e _ □ 



2.2.2 Upper critical points 

We first give other characterizations for upper critical points with index p, 
which will be used further. An additional property about the rank of : 
H,{f^) ^ H,{M) is given. 

Proposition 2.3. A critical value c with index p is an upper critical value, 
iff one of the following conditions is satisfied: 

1. The critical value satisfies the condition ([8]), namely: 



2. The mapping d : H^^i{f'^~^'^ , f^ ^) — )■ H^{f^ ^) is one to one. 

3. There exists A g] — oo, c) such that the mapping 
H.if'+'J^) vanishes. 

4. The exists X g] — 00, c) such that the mapping 

d : /^-^) ^ //*(/'+^ /^) IS one to one. 

Proof. The condition 1) is just the explicit form of the definition of an upper 
critical value, in view of the long exact sequence ([7]). 
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Condition 2) is obtained by considering the right-hand side of the long exact 
sequence 



Similarly condition 4) is equivalent to condition 3). 

Consider condition 3): It is necessary (take A = — oo). The middle square 
of the commutative diagram ( |T2l) with the embedding if = : {X, A, B) = 

/-~ = 0) ^ (^', s') = 



Id 



provides the sufficiency. □ 

Consider for — oo < A < /i < +00 which are not critical values, the 

embeddings : ^ M and : ^ M and if"'^ : (/^, M) ^ M) . 
Then the commutative diagram 



if, (/^) — (M) ^H,{M, f 

Id 



H,{M) -iJ,(M, 



implies 



— n'M n /)M>-^ 



^J^o^^ (A</i) 



Imz;^ C Imz^ , 



rankL < rank it 



Proposition 2.4. When c is an upper critical value, the ranges of i 
HM^+^) H^{M) and i"-' : H^{f^-') H^{M) are the same. 



(13) 
(14) 

C+£ . 



Proof. The condition 1) of Proposition [23] ensures that for any k G {0, . . . , d}, 
the mapping 

^'^-^ : Hkif'-') ^ H,{f'^+^') 
is onto. Therefore z^"*"^ and = z'^"*"^ o have the same range. □ 
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2.2.3 Lower critical points 



With H,{M, r-^) = H,{f+^, and the duahty /^) - H^-^ifx, U), 



says that the lower critical values are the one for which the mapping 



vanishes. It is therefore the dual notion to the one of upper critical values 
and all the dual properties of the ones of the upper critical values will hold 
for lower critical points. We shall use the following characterization. 

Proposition 2.5. A critical value c with index p is a lower critical value, iff 
one of the following conditions is satisfied: 

1. The critical value satisfies the condition ffTOj) . namely: 



2. The mapping d : i/*+i(M, -> H^{f^+', f'^) is onto. 

3. There exists A G (c, +oo] such that the mapping Z"^"^) — >• 
H*{f^,f^~^) vanishes. 

4. There exists X G (c, +00] such that the mapping d : H^.^i{f^ , f^^^) — >• 



Proof. The condition 1) is the dual statement of (|H]) which is equivalent to 
the dual notion of upper critical values. 

The equivalence with the condition 2) is contained in the long exact sequence 



Similarly the condition 3) and 4) are equivalent. 

Consider the condition 3): It is necessary (take A = +00). If there exists A G 
(c, +00] such that the composition of the embeddings 2-^'^+'^ : (/'^"'"^, /^~^) — )■ 
(/\ f-') and i^ : (/^, f"') ^ (M = /+~, implies that the composed 



H*{fc-e) — -f^*(/c-e, /+00) 



H*{fc-e^ fc+e) 




^* ^s onto. 



map 




=0 



□ 
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We next prove that the lower critical values share the same property as 
the upper critical values, concerning the rank of : H^:{f^) — )■ H^,{M) . 

Proposition 2.6. When c is a lower critical value, the ranges of i'l'^^ : 
H*{h^') H^{M) and i%-^ : H^if^-^) H^iM) are the same. 

Proof. Assume that c is a critical value with index p . Then for any k ^ p 
the map : Hk{f^~'^) — )■ Hk{f'^~^'^) is onto and the range of i^'"^ = 

it^^ ° i'^'^'^''^~^ and i^^"^, when restricted to Hk, are equal. For the case k = p, 
we start from the exact sequence 

— - H,{f^-i^H,if^+^) — - r-^) ^ H,^,{f^-^) — - o , 

where the 9-arrow vanishes, because c cannot be an upper critical value. 
Hence the range of 1'^+^'^-^ is an hyperplane of Hp{f^~^'^) and the equality 
= ° jc+£,c-e jj^iplies that and have the same range iff 

1 + dim ker(i^+^|j^ - dim ker(i^+'') = . 

We write for simplicity 

i = i^^'^"-' . 

We have to prove that there exists a G Hp{f^^'^) such that 

'it^'^ {ot) = ^ and a^Imi^,. 
The functoriality of the relative homology gives 

^*(M)^'if*(M,r-^)^i7,_i(r-^) . (15) 

i* Id u «• 

The condition 2) of Proposition 12.51 and the long exact sequence of relative 
homologies for the triple {M,'^~^^ , /'^~'^), provide the exact sequence 

Let ao G Hp^i{M, f^^^) be such that da^ 7^ . By the second line of the 
above commutative diagram (fTSl) . d'^^'^a^ G Hp{f'^^'^) belongs to keri^"*"^ . 
Assume d'^^^ao G Imi^ and take (3 G Hp{f'^~'^) such that 
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The commutative diagramm (fT3]) then imphes 

zr /3 = (Id o = o z,)/3 = = . 

Hence (3 G keri^~^ = \v[id^~^ . Hence there exists 7 G Hp^i{M, f^'^) such 
that 

The cycle ao — 2*7 belongs to kerc?^"''^ = Imj^"*"^. Hence there exists 6 G 
-f/p+i(M) such that 

"0 - ^7 = (jf ' o id)5 = (j: o jr^)5 . 

We finally get ao = 'i*(7 + j^^^S) G Imi* = kerS. But this contradicts the 
first assumption dao ^ . Thus we have found a = d'^'^^ao G Hp{f'^~^^) such 
that 

= o 9^+=)ao = and a^lmi,. 
This ends the proof. □ 

2.2.4 Properties of homological critical values 

The attribute "homological" is justified by the following result. Let C^'' be 
the set of homological critical values with index p and set Ch = U^^qC^^K 
Remember the mappings : H^{f^) H^{M) . 

Theorem 2.7. For every p G {0,...,d}, there is a one to one mapping 
: Hp{M) such that: 

• The range of a^^^ is a basis of Hp{M); 

• For every c G C^^\ the quotient Imi'i^^ j Imi''^~'^ is the one- dimensional 
space spanned by class of a^^\c) . 

Finally the cardinal of C^^ is the p*^ Betti number of M . 

We need the following result, where homological critical values differ from 
the lower and upper critical values. 
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Proposition 2.8. Assume that c is an homological critical value (resp. point) 
according to the Definition \2.1\ Then the mapping 

is non zero. 

Moreover the mappings z^^^ : //*(/'^^^) — )■ H^,{M) satisfy 

Imil^'^ C Imil'^'^ , rankil~^ = ranki^^"^ — 1 . 

Proof. By definition, liomological critical value is neither a lower critical value 
nor an upper critical value. Therefore the mappings 

and i^,(r+^)-^i7,(r+^r-^) 

are non zero. Since H^{f'^^^ , f^^^) is one dimensional, the second one is onto 
and the composed map 

H4f''+')^^H,{M, f^-') 

is non zero. Consider now the second statement. We have already checked 
in ([T3])([T4D the relations 



From the long exact sequence (when c is a critical value with index p) 

— - H,u'-^f^HpU-+^) — - f'-') — - , 

we know that the codimension of Im is at most one. Thus 

rank i'l^^ — 1 < rank i'l'^ < rank i^"*"^ , 

and it suffices to find a G Im which does not belong to Im . We use 
the diagram 



c+e 



HM'~') H,{M) H,{M, f 



We know that there exists ao G H^{f^^'^) such that (j^ ^o^*'''^)(ao) = cr(tto) 7^ 
. Take a = 2^"'"'^(ao) . It belongs to Imi^+^ and not in ker = Imz^~^ . □ 




15 



Proof of Theorem \2. 7 : Fix the degree p, < p < d, and consider : 
Hp{f^) Hp{M) . Start from A = max / + e for which Imi^ = Imid = 
Hp{M) and decrease A down to min/ — e for which Imi^ = {0} . According 
to Morse theory, Proposition 12.41 and Proposition I2.6[ the range of does 
not change except when A passes an homological critical value with index p . 
For such a critical value, Proposition 12.81 says that the rank of is exactly 
decreased by 1 . This yields the result. □ 



2.3 The Morse-Barannikov chain complex 
2.3.1 Definition 

Remember that C{f) = (Bp=QC^^\f) is the vector space spanned by the crit- 
ical points (identified with the critical values and the same notation c will 
be used for the two objects). The following definition will be proved to de- 
fine a chain complex structure on C{f) of which the homology groups are 
isomorphic to the Hp{M) . 

Definition 2.9. On C{f) consider the linear mapping Ob defined by: 

• When c is a lower critical point or an homological critical point, Obc = 
0. 

• When c is an upper critical point, take for d , according to the condition 
3) of Proposition \2.3[ the supremum of the A's in ] — oo,c) such that 
the mapping H^{f'^'^'^, f^) — )■ H^{f'^'^'^, /^~^) vanishes and set 

dsc = c' . 



Theorem 2.10. The mapping ds : C{f) C{f) sends C^P\f) into C-P-^^f) 
and satisfies ds o Ob = . Moreover the homology groups H^,{C{f )) are 
isomorphic to H^,{M) and a basis of H^{M) is indexed by the set Cnif) of 
homological critical points. 

Proof. It suffices to prove that when c is an upper critical point with index 
p, the point c' is a lower critical point with index p — 1 . 
Assume that the mapping 

^*(/''^^/'~^) ^ H^if^+'J"-^) vanishes while 
the mapping a : H^{f'^~^^,f'^^'^) — > H^{f'^^'^,f'^~'^) is non zero. Consider the 
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commutative diagram 



where the first hne is the long exact sequence for the triple f^'^^ C f^'^^ C 
/'^"'"^ . Since a is non zero while cr o (y?"*" = 0, yj"'" cannot be onto and is non 
zero. We have found \ = c + e such that the mapping d : H^,{f^, /^^^) — >■ 
is onto. By the characterization 4) of Proposition 12. 5 [ c' is 
a lower critical point. Clearly it has the index p—1 when c has the index p . 
Therefore ds o Ob = 0. 

Before we conclude, we check that if d{c) = c', then c is the infimum of the 
A's such that d : H,{f^, ^ is onto. 

We have to prove that the map : ^'^) H^.{f^ ^'^) van- 

ishes. Consider the diagram 

■C + £,C — £ .C + £,C — £ Tj 

" " " 

The maps a and 9+ have one dimensional ranges and their kernels have the 
codimension 1. Due to a o if~^ = 0, we know kerS"'" = lnnp~^ C ker a . With 
the same dimension, this yields ker = ker a . If d~ does not vanish, there 
exists u such that d~^{f_^^^'''~^u) = d^u ^ . Hence we get ((Toi^+'^'^~^)M ^ 0, 
which contradicts the fact that a o ^c+£,c-e = g as a part of the long exact 
sequence for the triple C f^~^ C f^^^ . 

Hence c is the infimum of the A's such that d : H^{f^, — H^{f'^ ~'^) 

is onto. 

Now assume that c' be a lower critical point. By the characterization 4) of 
Proposition |231 the infimum of the A's in (c, +cxd], such that d : H^{f^, — )• 
H^if^ ~'^) is onto, exists. Call it c. By the dual argument of the previ- 
ous one, c is an upper critical point and c' is the supremum of the A's such 
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that the mapping H^{f'^^^ , f"^) — t- H^{f'^^^ , f^'^) vanishes. Hence c is an 
upper critical point such that ^^(c) = c'. 

We have finally proved that the range of 83 '■ C{f) — )■ C{f) contains all the 
lower critical points. The other statements are now straightforward conse- 
quences of Theorem 12. 7[ □ 

Remark 2.11. This result provides another proof of Morse inequalities, for 
excellent Morse functions, without making use of homotopy arguments to 
reduce the problem to self-indexed Morse functions (see JMiD^IBot^lLauBj ) . 



C3 



H 

H c' 



C3 H 
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c' 



H 



H 

Figure 1 

Example with a compact surface with genius 2 where / is the height 
function. The homological critical points are labelled by H while the 
pairing of other critical points follows d^Ck = c'f, . 

Proposition 2.12. When c is an upper critical point with index p such that 
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dc — d , then the following commutative diagram holds: 







■c—e,c +e 



■ c+e,c— e 



J* 





InpaHicular, if Hp+i{f^+% f^-'^) = R[eP+^] and Hp{f^'+' , f"'-^) = R[eP], then 
there exists k eM* such that de^'^^ and ne^ are homologous in /"^"^ relatively 
to f [deP+^] = k[eP] in Hp{f^-', f^-') . 

Proof. Prom the definition of ^^(c) = c', we know that the mapping d~ : 
/'^"^ — >■ Hp{f'^^^ , f^''^) is one to one while the mapping d'^ : 

f^'^ — > Hp{f'^~^'^, f^^^) vanishes. Put in the long exact sequences 
associated with the two triples {f'^~'^,f'^~^,f'^~^^) and {f'^~^^,f'^~^,f'^~^^), this 
provides the two lines of the diagram. 

Similarly, the relation 83(0) — d imphes that the mapping c?_ : f^'^^) — >■ 

Hpif'^ '^^, f^''^) vanishes (or equivalently the mapping Hp{f'^''^^, f^''^) — ^ 
Hplf^^^, /^'"') vanishes) and the mapping 9_ : Hp+i{f^-^, f^'+') Hp{f'''+', f''-^) 
vanishes. Inserted in the long exact sequences associated with the triples 
1 f^^^ 1 f^^^) s-iid {f^ ~^ 1 1 f^'^)-! this provides the two columns of 
the diagram. 

The diagram imphes that the two mappings i^-e-c'+e ; Hp{f'^''^^, f'^^) — >■ 
Hpif-'J"'-') and d : Hp+i{f^+'J^-') Hp{f^-'J'''-') have the same 
one dimensional range. This ends the proof. □ 
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f = c-e 
[deP+^] 



[el 

Figure 2 

One example on a surface for which [^e^+^j — l[eP], p — 1 . 
2.3.2 Restriction 

In the previous construction the manifold M equals /^°° while the homol- 
ogy group H^,{f^) equals H^{f^,^) = if* (/'*', /~°°) . All the construction 
can be done with sublevel sets f"" and with — oo < a < b < +oo which 
are not critical values. For A e] — oo,-|-oo[ which is not a critical value, 
consider C(/, A), the chain subcomplex of C{f) generated by critical val- 
ues (points) below level A. Since Ob preserves C{f,\), we can introduce 
the quotient C{f,\,^) = C{f,\)/C{f,fj,) when fi < X . And there are rela- 
tive homology groups H^,{C{f,X),C{f,iJ,)) for ds, which will be denoted by 
H,{C{f,\),C{f,fi)). 

All the previous definitions and proofs can be translated to the restricted 
and relative homologies, after replacing if*(M, f^) by H^,{f^, f^) and H^{f^) 
by H^,{f'^, f^), when a < X < b are not critical values. This observation gives 
at once. 

Theorem 2.13. For any a,b, — oo < a < b < +oo, which are not critical 
values, the relative homology groups H^{C{f,b),C{f,a)) are isomorphic to 
H*{f'^,f"') and the following diagram 

H.in - H.{f) — ^ H.{f\ n — - — - H.-i{n 

H4C{f, a)) H^Cif, b)) H^Cif, 6), a)) ^ a)) 

is commutative. 
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Since we have a good basis of the chain complex {C{f),dB), where the 
image by Ob of a generator is either or another generator, we have a nice 
identification H^{C{f, b),C{f, a)) . 

Proposition 2.14. The relative homology group H^{f^, f"-) has a basis made 
of critical values (resp. points) c G (a, 6) satisfying one of the following 
conditions 

1. c is an homological critical value (resp. point) in M ; 

2. or c is an upper critical value (resp. point) such that do = d is below 
a . 

3. or c is a lower critical value (resp. point) in M , that is dd = c in C{f), 
but d is above b ; 

Remark 2.15. What the theorem says is that the homological critical points 
for C{f,b,a), that should be denoted Cuif.b, a) are not the points ofCnif) 
with critcal value in [a,b], but the union of those, together with the upper 
critical values in [a, b] such that dc is below a, and the lower critical values c 
such that dd = c with d above b. 

3 Relative Witten chain complex 

The Witten Laplacian is a deformation of the Hodge Laplacian, related with 
de Rham cohomology, which allows to give within a semiclassical asymptotic 
framework, an analytic proof of the Morse inequalities (see |Witt ICFKS[ 
HeSj4] ). The accurate computations of its exponentially small eigenvalues 
has connections with various topics going from stochastic analysis ( |FrWe[ 
IBEGKl IBUK] ) with kinetic theory f |HerNil IHeNi2l [Hg^ [HH&Tl IHH52] ). 
the computation of geometric invariants ( |BiLe] jBis] ). differential topology 
( |Milt IBott ILaulj ) The case of manifold with boundaries has been consid- 
ered in |ChLit IHeNilt IKPSt |Lep2[ |Lep3] with a spectral approach and more 
recently in [Lau2j with a pure topological point of view partly inspired by 
those previous works. We shall consider here directly the case with bound- 
ary, which is of interest here, and recall a few basic facts. We want to specify 
the realization of the Witten Laplacian on the manifold with boundaries 
{/ = a} and {/ = b}, when — oo < a < b < +oo are not critical values, which 
is associated with the relative homology (after de Rham duality) H^,{f^, /°) . 
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3.1 Functional analysis 

We recall that /\ T*M = ©^^q /\^ T*M is the exterior algebra on the cotan- 
gent fiber T*M, /\ T*M is the corresponding fiber bundle and J'(M; /\ T*M) 
denotes the space of sections of class J-" on M ( J-" stands for C°°, U' or W^'^). 

The notation J^{f^;/\T*M) is the set of restrictions to of elements in 
F{M]f\T*M) . The spaces f\T;M and L'^{M;/\T*M) and L'^{M;/\T*M) 
are endowed with their natural scalar products inherited from the riemannian 
metric g . A shorter notation for the Sobolev spaces will be 

p 

AW""'' = W'^'^'iM; /\ T*M) , Af = W'^''^(ff; /\ T*M) . 

After the introduction of the Hodge-* operator, the scalar product of two 
p-forms equals 



n 



The notation t and n are specific to the case with boundary and useful for the 
analysis of boundary Hodge and Witten Laplacians (see |Sch] |HeNil] |Lep3] ) . 
Here is their specific meaning: On the boundary dfl of a regular domain 
fl, decompose the tangent vectors Xj G T^fl, a G as Xj = Xj + x^n^ 
where rZo- is a normalized outgoing vector normal to and set for w G 

(tu;),(Xi, . . . , Xp) = u„{Xl, . . . , Xj) , Va G 9fi , 

p 

-tuj ec°°(dn; f\T*n). 

dn ^ / \ ' 



nuj = 00 



Note that the to; and nu have a natural extension to a neighborhood of 
dQ when the metric is fixed. After the right choice of coordinates, with x^, 
parametrizing normal curves to dQ, tu is the part with no dx^ while nu takes 
the form dx^ A u' . On C°° differential forms, they satisfy various relations 
with the Hodge-* operator, the differential d and the codifferential d* (see 
jSch]|HeNilj|Li^ for details), 

^^*,(p-i) = ^ ^^(P) = (_i)P+i^*>{'^-p-i)^ ^ (16) 

*n = t*, *t = n*, (17) 

td = dt, nd* = d*n, (18) 
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and the Stokes' formula, 

Wu eC°°{Vl;/\T*n), [ duj= [ tco . 

When there is no boundary, the Hodge-de Rham theory makes the relation 
between the spectral theory of the Hodge Laplacian and de Rham duality 
of homology and cohomology groups (see [Ful] ) . For boundary manifold rel- 
ative and absolute (co-)homology groups can be considered. By excision, 
remember that H^{f^, f°-) = H^,{fl^, {/ = a}) . We briefly recall why these 
relative homology group are naturally associated with specific boundary con- 
ditions for the Hodge and Witten Laplacians. We refer the reader to |Gue] 
for a review and |Tay] for a complete but different presentation relying on 
the isometric doubling of the boundary manifold. When 7 is a cycle in 
relative to {/ = a}, there is a natural (i.e. independent of the representant 
lying in {a < /} of 7) integration J^u of forms u G C°° {fj^; /\T* M) such 

that tuj\^j,_^y = 0. The dual condition along {/ = b}, nuj\^j,_^y = 0, simply 
means t(X'|^^_j^i^ = u and ensures that such form are determined by integra- 
tion along chains lying in {f <b} . The class J-" = C^, and for C°° 
forms fulfilling respectively both conditions, the first one or the second one, 
among 

tc^|{^=,| = , nu\^^^^^ = 0. (19) 

Note that the differential d preserves the class while the co differential 
preserves . Better commutations relations appear after considering the 
Hodge Laplacian (see further). The de Rham cohomology group H''{f^,f°-) 
is then given by kei d^P^ilrndP-^ n C^NiJ^, /\^T*M)), when d is defined on 

The Witten deformation consists in introducing a small parameter /i — )■ 
and to set 

df,h = e h (Ji(i)eh = hd + df /\ , d*j f^ = e'^{hd*)e'^=hd* + iyf. 

The Witten Laplacian is defined as a differential operator in = {a < / < 6} 
by 

A/,^ = {df,h+dlf,Y = df,Hdlh+dlhdf,h = h^id+d*f + \Vf\'+hiCvf+C*^f) • 

On the boundaries {/ = a} and {/ = b}, the boundary conditions have to 
be completed with /-dependent additional boundary conditions in order to 
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get a self-adjoint realization which is elliptic up to the boundary (see |Schj ). 

An additional property required here, is the commutation of the resolvent 

with df^h and (i^^. We follow the scheme of |ChLit IHeNilt |Lep3| where 

the "Dirichlet problem" and the "Neumann problem" have been considered 

separately. Here the "Dirichlet" boundary conditions occurs on {/ = a} 

while the "Neumann" boundary condition appears on {/ = 6} . Consider 

= W^''^ 

in AWrp'j^ = C^j^{fl^; /\T*M) the quadratic form given by 

Vtn{(^,v) = {df,h(^ I df^hV) + {d^h^ I d}i^r]) . 
Vtn{(^) = Vtn{u;,u) = Wdf^hU^Wli + \\d*f^f^u\\l2 ■ 

Since {/ = a} and {/ = b} are disjoint, the main arguments are local (Sobolev 
trace theorem, Lopatinski-Schapiro conditions for the ellipticity up to the 
boundary and finally playing with f lT6|)f|T7|)f|T8|) ). we can combine without 
repeating the proofs the results of [HeNil] and |Lep3] in order to state the 
following result. 

Note that due to the boundaries of the domain fl, we avoid to consider the 
closure of the differential operators df^h and d*jf^ in AL^ which are not very 
explicit. 

Proposition 3.1. 

The non-negative quadratic form u — t- Vtn{^) is closed on AW^'^. The 
associated (self-adjoint) Friedrichs extension is denoted by A™. Its domain 
is 

I nu;|^^^ = 0, ndf^huj\j^^ = J 

and acts as 

Va;GD(Aj^), Aj> = A;,,u;. 

The operator A™ has a compact resolvent and a discrete spectrum. Moreover 
the commutations 

- ° df,hUJ = df^h o (2 - ^f,hy^^ , 

{z - A'iX)-' o dl,u = dl, o {z - Af,,)-'u , 
li=;(A™) o df^hUJ = df^h o li?(A™)a;, 
and li.(A™) o dl^uj = dl, o l^(A™)u; , 

hold for all z ^ C\M., all Borel set EinW and all u G AW^''^ . 



24 



Remark 3.2. • The introduction of Aj^, as a Friedrichs extenstion of 



1 2 

a non negative closed quadratic form defined on AWj,'^, ensures that it 
is a non negative self-adjoint operator. Requiring A™ u G AL^ for u G 
D{A™) forces the additional boundary conditions, after integration by 
part. 

• The commutation relations do not result simply of the commutatition of 
the differential operators Af^h°df^h = df^h°Af,h valid in the interior f^ . 
Indeed A™ can be applied only to elements of D{A™) fulfilling the 
boundary conditions while dj^h do not preserve these boundary condi- 
tions even for C°° -forms up to the boundaries. For details and complete 
proofs, we refer again the reader to jHeNil^lLepS\l and fChLi^ . 

• We can also define analogously the self-adjoint operator AJJ^ , with do- 
main D{A^J^), by switching the above conditions on n and t. 

Here is the main result of this section. 

Theorem 3.3. There are two operators L± G C{AL'^ ; AW^'^) , commuting 
for all Borel sets E inM. with 1e{A™), such that every u G AL? admits the 
orthogonal decomposition 

u = 1{o}(A™)m + dj^hL-U + d),^L+u . (20) 

When Fm denotes the finite dimensional space /ml[o,Af](A™) and Pm = 
df^h\p , its adjoint is = d*jj^\p and Fm admits the orthogonal decompo- 
sition 

Fm = ker A™ ® Im^M® ImPl^ . 

After setting F^"* = /m 1[o_m](A™'''^''), the two finite dimensional chain com- 
plexes 

p(p-i) ^ ^ p(p+i) ^0 (21) 

^M ■ ■ ■ M -< ^M -< ^M ■■■^M -< V^-^; 



M ■ ■ ■ M ^ ^ M ^ ^ M ■ ■ ■ M 

flip)* 

Pm Pm 

are dual to each other and ker /3^^ / Im /3^^^~^^ is diffeomorphic to H^{f^, /°) . 
For any p G {0, . . . , d}, the spectrum of a{A™'^^^)r\{0, M] lying in (0, M] and 
counted with multiplicities, the set of \^ (counted with multiplicities) when 
A ranges over the singular values, counted with multiplicities, of /3m \j^^{p),* 

andP^Z''^im0[r^^-- 
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We shall need the two following lemmas. 

Lemma 3.4. When u belongs to £)(A™), dj^^uj and d*j ^^uj belong to APV^^ . 

Proof. The differential operators df^h and d*j^^ are continuous from D(Ajj^) C 
AW^^'^ into KW^'"^ . By the elliptic regularity up to the boundary of A™, 
the set of (fl; f\T* M) n D{A™)) is dense in L'(A™) because 1 + A™ : 
D{A™) AL2 is an isomorphism. For to E C^(fl;/\T*M) n D{A™)), we 
have 

n{df^hUj)\j,^^ = and t((i/,/ja;) |^^^ = 
because u G -D(Ajj^) . Moreover u E D(Ajj^) also says 

to; L =0 and nco L , = . 

\f=a \f=b 

But since te^^w = e^^tw and ne^^o; = e^^nw, the commutations ( !T8|) 
imply 

t(c?/,hw) = and n(c?}_^w) |^^^ = . 
This ends the proof. □ 
Lemma 3.5. The relation 

holds for all 61,62 E AW^n- 

Proof. Since both quantities are continous and C^mUcl'^ /\T*M) is dense in 
AW^N, it suffices to consider 61,62 E C^^Ql; f\T* M) . After writing ui = 
ei6i and U2 = 6^62 in C^j^{fb; f\T*M), our identity amounts to 

{duJi,UJ2)AL^ = {uJi,d*U}2)AL2 ■ 

But the Stokes' formula with the relations between d, * and A gives 

/ t{uiA'kU2)+ / t{uji A-kUJ2) = {duJi\uj2)AL2 + {^l\d*UJ2) ■ 
Jf=a Jf=b 

With the help of ([17]), write 

t{ui A ^002) = t [(tui) A i^{tuj2) + (twi) A *(ncJ2) + (nwi) A 7t(ta;2) 

+ (nwi) A *(nw2)] 
= t [(tcji) A n(7tra;2) + (twi) A t{-kU2) + (nwi) A t{-kUJ2) 

+ {nuJi) A n(*W2)] 
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and notice that t((nMi) A (1^2)) = t((t'Ui) A (n'U2)) = . This leads to 

t{uJi A i^uJ2) = t [{tui) A i^{nuJ2) + (nwi) A ^{tuj2)] , 

where both terms vanishes on{/ = a}U{/ = b} when Ui,U2 G C^^Ua') A T*M) . 

□ 

Proof of Theorem \3.3[ The operator A™ is a self-adjoint operator with a 
compact resolvent. Therefore it is invertible when restricted to ker(A™)-'- = 
Iml(o,+oo)(Aj/,) . Take 

L+ = rf;,,(A™)-4(o,+oo)(Aj,^) and L_ = rf},,(A™)-4(o,+oo)(A™) , 

Since (Aj,^)-H(o,+oo)(A™) e £(AL^ D(Aj,^)), L± G £(AL2,A<^) c 
£(AL^, AL^) according to Lemma l37il The commutation of L± with l£;(A/^/i) 
is then a consequence of the commutation stated in Proposition 13.11 These 
commutations of Proposition 13.11 also imply 

L^co = (A™)-il(o,+oo)(A™)rf^,.c. and L_co = (A™)-il(o,+oo)(A™)rf> , 

when CO G AW^^'^ so that L± G /:(AH^^^;; D{A™)) . By using again Lemma [3^ 
df^h°L_ and d*f y^oLj^ belong to £(APV^^) . Consider now the decomposition 

u = l{o}(Aj^^)a; + dj^hL^u + d*j^^L+uj 

when CO G AW^'^ . All the terms belong to AW^'^ while 

dj,h{df,hL-Co) = dj4l{o}iA^fX)co) = 
and dl,{dl,L^u;) = rf}^,(l|o}(A™)a;) = 0. 

Therefore Lemma 13.51 implies that the decomposition is orthogonal when 
uj G AW^'^, and this extends by continuity to G AL^ . 
Proposition 13.11 ensures that df^h and d*j f^ send Fm into itself and Lemma [375] 
with Fm C D{A™) c AW^^^ implies 

/^M = (l[0,M](Aj_^)d/,hl[o,Af](Aj^^))* = (l[o,A./](A™)(i}^^l[o,M](A™)) . 

The orthogonal decomposition follows from the result for u G AL^ . The 
chain complex structure comes from df^h ° df^h = d*r f^ o d*j f^ = 0. 
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The space ker /3]^7 Im is isomorphic to ker(Ay^), which is contained 
hke Fm in C^^i^fl; /\^ T* M) by the elhptic regularity up to the boundary 
of A^^^ . Hence ker /3^''/Im/3^'' is isomorphic to ]i.ei d!j\/\m.d^Jy^^^ after con- 
sidering the differential operators df^h restricted to C^^iJl, f\T*M) . Since 
u e~ha is an isomorphism between the two spaces C^^{fl, /\T*M) re- 
spectively defined for Aj /j or dj^h and Ao,h = /i^Anodge or d, we obtain 

by Hodge-de Rham theory (see for instance [Fulj for the usual boundaryless 
case and [Gue] |Tay| for the case with boundary) . 

The result concerned with the spectrum of A^^'^^^ is a direct consequence 
of the orthogonal decomposition of Fm with the chain complex structure 
(^^. To be more specific, the decomposition of A^^'^^^l (p) according to 

Fj^^ = ker Aj^;;''^^) ©Im/3£-^) ©Im/3;;,(^+^) writes 

.T7V,(p)l _ n(p-l) n{p-l),* ^ nip),* nip) 

while is an isomorphism from Im onto Im with 

oip-l),* ( nip-l) nip-l),*\ _ ( /^(p-l),*/^(p-l)^ o(p-l),* 

Pm \Pm Pm j ~ \I''m Pm j Pm 

□ 

Remark 3.6. Note that the duality between the two chain complexes asso- 
ciated with and and their homology groups, is another version of the 
topological duality f —f . Actually changing f to — / and p-forms with 
d — p-forms with the Hodge-k operator, interchanges df^h o,nd d*j . 

3.2 Adapting Helffer-Sjostrand analysis 

We still work in and we introduce like in |HeSj4| the Agmon distance dAg 
associated with the degenerate metric \Vf\'^g, where g is the initial Rieman- 
nian metric on M . This distance satisfies 

dAgix,y)>\fix)-fiy)\ 
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with equality when an integral curve of V/ joins x and y . 

Before stating the following crucial theorem, let us introduce two definitions 
which will be very useful in the sequel. The first one recalls Helffer-Sjostrand 
notation O, very convenient when handling exponentially small quantities. 

Definition 3.7. For two quantities A{h), estimated with a norm \A{h)\, and 
B{h) > 0, parametrized by h E (0, ho), the notation A{h) = 0{B{h)) means: 

ye > 0, 3Ce > 0, yhe (0, ho), \A{h)\ < CeB{h)e^ . 

Definition 3.8. Let U E M be a critical point of f with index p and let 
<l>(x) := dAg{x, U). A local coordinate system yi,. . . ,yd around U is said to 
be an adapted Morse coordinate system for f if yi, . . . ,yd is centered at U , 
dyi, . . . ,dyd is an orthonormal positively oriented basis ofT^M, and if, in 
these coordinates, the following Morse decompositions for f and $, 

hold locally around U , with Xj < for j < p and Xj > for j > p. 

Let us notice that such a coordinate system always exists, according to 
[HeSj4] pp. 272-281. Moreover, in such a coordinate system, the stable and 
unstable manifolds of —V/, respectively denoted by Cst and Cunst are locally 
parametrized by 

Cst = {y; yi = ■■■ = yp = 0} and Cunst = {y ; y-p+i = ■■■ = yd = 0}■ 
{22) 

Theorem 3.9. Letp belong to {0, ... , d} and denote byU^f^ = . . . , [/^j 

the set critical points of f in f^ . There exists ho > such that, for all 
h G {0,ho], the spectral subspace F^^^ = 1^ (^^3/2](aJ^''^'*) is spanned by nip 
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normalized vector Vj, 1 < j < nip, which satisfy, for x E M and a G N'* 



|9>,| = 0(e (23) 

\&:df^uv,\ = 0[e-^^ , \d:dl,v,\ = 0^e-^j (24) 

with (3j'{x) = mill dAg{Uj,U) + dAg{U,x) 

t/gw(p+i)uw(p)\{i/j'''} 

anc? /3j^(x) = min dAg{Uj,U) + dAg{U,x) . 

i/ew(p-i)uw(p)\{c/j^'} 

T/ie eigenvalues of A™^^'' lying in [0, /i'^^^] are (9(e~'?) . 

When the metric g is Euclidean in some adapted Morse coordinates for f in 

B{Uj^\ 2r]), with f{y) = f{Uj) + | ^^=1 ■^jUj' then the form Vj satisfies 



|Ai . . . Arf|^/^(7r/i)-^/'e- 2. ' dyi A...Adyp + fe"^ j 



zn C°°(5(?7j^\r7)) . 

In the general case of a Riemannian metric, there exists, for rj small enough, 
some adapted Morse coordinates for f in B{Uj^\2ri), with f{y) = f{Uj) + 

\ Sj=i \y^' '^'^^ ■5'"^^ that the form vj satisfies 

e^'^^f^v, = iooix) + 0{h^-''/^) m C'^{B{u'f\r])) , 

with 

I A A 

Wo = ^(^^j^y/i — '^^1 A ... Adyp along Cunst n B{Uj^\t]) , 



and 



OJo = (-l)P('^'^) ^^'^^j^yf^' * {dyp+1 A . . • A dy,) along Cst^ B{uf\ii) . 

We shall need an integration by part formula adapted from Lemma 4.3.3 in 
|HeNil] and Lemma 4.3 in |Lep3] . 
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Lemma 3.10. Let Q be a regular domain of fj^ with boundary made of three 
disjoint pieces dQ = {/ = a} U {/ = 6} U F . Consider the self-adjoint real- 
ization Ajj^^ o/ A/, h given by the form 

V{u,uj') = {df^h^^, df^h^^') + {dlh^, d}f^u') 

with the form domain 

^Knd = e AW''\Q) ■ tu\^^^ = , na;|^^^ = , = 0| , 

and the operator domain 

{tw|^^^ = 0, td*j-i^u\^^ = 0, 
LoeAW^'\n); nu;|^J'^ = 0, ndf^hUj\^^^ = 0, 

Let (f be any Lipschitz function. Then for all uj G APF^^^^ we have the 
integration by part formula 

Re V{u, e^u) = h^\\de^ujf + h^\\d*e^ujf 

where |^ is the exterior normal derivative. Moreover when uj G D{A™^) 
then V{uj, e^uj) = Re (e^ Aj^^^w, cu) . 

Proof of Theorem \3.9{ : First of all, applying the integration by part ( 125|1 
with (p = and the local harmonic approximation around critical points 
like in |CFKS] . one obtains that the number of eigenvalues in [0,C/i^/^] 
is nip, with no other eigenvalues in [Ch^^"^ ,h/C], when C is chosen large 
enough. The boundary term in (l25l) is non negative because |^ is non posi- 
tive (resp. non negative) on {/ = a} (resp. {/ = h}). The IMS localization 
formula -/i^A = -Y^jXAh^ ^)Xj - h^Y^j \^Xj\ with one Xja (^sp. Xjt) 
localizing around {/ = a} (resp. {/ = b}) shows that eigenf unctions asso- 
ciated with the (9(/i^/^) eigenvalues have asymptotically no mass around 
{/ = a} U {/ = 6} . Contrary to |HeNilj and |Lep3] , there are no generalized 
critical points at the boundary and the assumption that / restricted to the 
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boundary is a Morse function is not necessary here. 

We construct now a global quasimode 0^ associated with the critical point 

Uj^\ Following |HeSj4| |HeSj2| , consider, for a small constant 7 > 0, the 
domain 

with d^j = {/ = a} U {/ = 6} U r and r = Uk^jdB{ul^\-f), and take the 
self-adjoint realization A™^^-''^ of Lemma 13.101 acting on p-forms. It admits 
a single eigenvalue fij which is 0{h^^'^) (with the rest of the spectrum in 
[h/C, +00)) and take 0^ a normalized eigenvector associated with /i^: 

Applying Lemma 13.101 in the spirit of |DiSj| pp. 49-55, with 

u; = 0j, Ve{x) = {l-e)dAg{x,B{ui^\e)^ , < {1 - e)\V f\ , 

gives 



where the subscript ^ recalls that the factor of ^ depends on the parameter 
e > . By elliptic regularity up to the boundary of A™'^^^^ 0^ is C°° in Q,j . 
The differential operator Aj/je"^ equals 

h\d(r + d*d) + |V/|' - |V<^p + h{Cy^ - + £v/ + C*^f) 



where the last part is a first order differential operator. With the boundary 

h ^ Ah 



conditions, the form = e'^^ (ffi satisfies the system 



{dd* + d*d)u^j = Tj 

nw^ I /=6 = "^^i I f=b = ^i.'' 

41, = 



where ||rj||AL2, 11^^^1/2,2 are 0{^). This provides a C(^) estimate for 
ll'^j ||Aiy2,2 and bootstraping gives 



Va e N^ Vx G fij , I = C(e 
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Since this holds for all e > 0, the definition of O provides the same result 
with e = 0. It means the following estimate holds, with if{x) := ifo{x) = 



The differential df^hcj)^ solves in Vtj the differential equation 

The same argument as the one for Lemma [3.41 leads to the fact that dfhd/] 
satisfies the same boundary conditions as (pj on {/ = a}U{/ = 6} . Consider 

now the domain fij" = Wj\Uu^u(p+i)B{U,j), note Vj = W^p+^^U W(f)\|f/j^^}, 

and work with the associated A™^*-^^"^'' . The form u'^ = X'ydf^h4'j, where 
X-y G C°°{Q'j) vanishes in UueVjB^U, 27) and equals 1 outside UueVjB{U, 87), 
belongs to D{A^^^^^~^^^) and solves 

with suppr^- C UueVjB{U,3'y) and 

\d^r'j{x)\ = 0{e s ) (withoO). 

With our choice of A^^^^^'^^^ has no eigenvalue in [0,h/C] and the same 
analysis as above leads to 



Va e N^ Vx G , \d^df,h(f)';{x) \ = d[e- 



where the previous estimates extend the result to all Qj . After changing 
l^(p+'^) into V(^^~^\ a similar result holds for d*jr /^(pj . A simple computation 

now gives /i^^ = ©(0^^, 0^^) = 0{e-^ ^ ) . 

Now let us work with A™^^^ on . Consider the cut-off Oj^j G C°°{Qj) which 
vanishes in U^^^(^)^|^^(p)|S(f/, 27) and equals 1 in U^^^^^^^j^^^p^^B{U, 87), and 

set 

= ■ 
88 



These mp vectors belong to /^(AJ^*-^"*) and satisfy 



with /ij = C(e"^) 



c , 



C(e ) , suppr^- C U^g^(^)^|^^p)|5([/,37) 



and ((^?,V^.^)),<,,<^^ = Id + 0(e-^). 



while A™''^'' has only rrip eigenvalues in [OjCh^^"^]. The Proposition 4.1 in 
|Hel] implies 

V'^-l[0,c.3/.](A™(^))^^^ = O(e-^), 

and we set = l[o,c/i3/2](A™*'^'')-?/'j' . The min-max principle applied with 
the i/jj^s also implies that the eigenvalues of A™*-^"* in [0, C/i^/^] are actually 
exponentially small. With the integration contour Ch = {z E C,\z\ = /i^/^}, 
write 



The resolvent estimates of Proposition 2.2.5 in HeSj2] can be carried over 



to our boundary problem thanks to Lemma [3.10l and elliptic regularity up to 
the boundary. With the estimates and support condition on Vj, they lead to 

Va eN'^,WxeJ!, \d^uj,ix) \ = O e ' ^ 

= O i e — — 

when Uz = [{z — A™*-^'*)^^rj] and z E Ch ■ 
With the estimates on ipj = Oj^h'P'j: this leads to 



a w„ ^ -eh \act„,h\ /O/^^ — ir^^ 



V« G N^ Vx e , |5>j^| = C(e 
and we take 

= \\u)\\-\) = (1 + 0{e-'"^))u) . 

The estimates for df^hVj (resp. d*j-f^Vj) are obtained after writing the equation 
for df^h{u'j — 'ipj) (resp. d*j-f^{u'j — ipj)) and using the resolvent estimates for 
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Finally, since these estimates hold for any 7 > 0, the definition of O provides 
the same result with 7 = 0. 

The rest of the proof of Theorem 13.91 is a direct consequence of Theorem 2.5 
of HeSj4] and therein related WKB construction. □ 



3.3 An important remark 

It is clear that the results stated for hold when a = —00 or 6 = +00, that 
is when one boundary is empty. 

Another variation on it consists in deforming homotopically {/ = a} (resp. 
{/ = ^}) while preserving the sign conditions ^ < (resp. |^ > 0). 



4 Barannikov- Morse chain complex and con- 
struction of accurate global quasimodes 

4.1 Properties of quasimodes associated with lower and 
upper critical points 

Consider the operator A™ defined on and set F^'p'' = Im 1[q^^3/2] (A™*-^-*) 
for p G {0, . . . , d}, F = ®pF^P\ (3 = df^h\p and (3* = d^f^l^ . According to 
Section [3l dim F*^^) = rup and the chain complex associated with (3 

/3(p-i) /jCp) 

- — ^ . . . — ^ — ^ f(p+i) . . . - — ^ 

has the homology group H*(r^, {/ = a}) dual to H,{f\ n = H^Ql, {/ = a}) . 
Remember also that F'^^^ admits the orthogonal decompositions 

= kerAj^f^^©Im/3(P-^)©Im/3(P)* 

= ker (3^P'^ © Im /J^^)* = Im (5^^-^^ © ker (5^p-'^> 

and that F^'^'^ admits an almost orthonormal basis {^vu^U G W'-^-'} fulfilling 
the properties of Theorem 13. 9[ The orthogonal projection on any subspace 
G of the above orthogonal decomposition will be denoted by lie ■ 
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Proposition 4.1. Assume that U E U^^^ is not an upper critical points in 
then Vjj is almost orthogonal to ImfS: 



\'^im^(p-^)Vu\\ = 0{e 



where the constant Cn depends on the small radius rj fixed by the geometry in 
Theorem [Xgj 

Proof. When U E U^^^ with f{U) = cu is not an upper critical point, it 
means that the mapping Hp^f^^^^) — )■ Hp{f^'^~^'^ , f^^'^) does not vanish. 
Since Hp{f^'^~^'^, f^"~^) is one dimensional and is generated by e\j the unstable 
manifold for —V/ leaving U and restricted to fcu-e, there exists a cycle 
in f^'^'^^, or a cycle in M supported in f'^'^^^, of which the restriction to fc^-e 
is e^. We choose £ = > so that is contained in the ball B{U,ri) of 
Theorem 13.91 In adapted Morse coordinates, equals up to the orientation 



?/p+i = . . . = ?/d = 0, ^^\Xj\yj<er, 
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while e^^~h^vu equals 

|Ai . . . X,\'/\7rh)-''/'e-^^^{uo{y) + hoo'{y, h)) + O (e"^) 

with u' bounded in C°°{B{U, rj)) and 

Uq = dyi A . . . Adyp along {yp^^ = ■ ■ ■ = y^ = 0} n B{U,ri) . 
Decompose vu according to 

V'jj = ^ tu'Vu' , ^C/ = Su'Vu' . 

The decomposition vu = v'u + v'{j is orthogonal 

IKf + Kf = 1. 

Meanwhile, the exponential decay estimates of (f [/')[/' GWfp) stated in Theo- 
rem [3]9] provide the almost orthogonality 

\tu'? < 1 + 0{e~'"'^) , \su'\'' < 1 + 0{e-^l^) , 

U' U' 

tjj + su = l + 0{e-^l^) and ty + = Oier^l^) for U' i^U . 
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All the viji have 0{1) estimates in C°°{fl^; /\^T*M) and the support condi- 

-fjj and Cfj 



tions on e\j and Cfj give 



By using v[j = df^h^ we get 



and finally with dC\j = 0, 

^-"u \ ^ f f-^u \ I f , f \ ^'"^^ 

With su' = = C(e-%) on Cfj - and \vu'\ = Oil) the second 

integral gives an exponentially small term. When U' ^ U the exponential 
decay estimate of Theorem 13.91 imply that sv J^p e~h^vui is 0{e~^/^) . 
We have proved 

/ e h = sjj e h yjj -\- c>[e ^ j . 
But a direct calculation in the Morse coordinates gives 

e h vu = [l + 0[h)) — — e dyi...dyp 







|Ai.. 


.Ap|V4 



E^=i|A,l?/|<2s, 

7r/i)(2p-^)/^(l + C(/i)) . 



This proves s^/ = l+0{e ^) while all the other coefficients are 0{e~~) . □ 

By duality / — )■ — /, other results can be deduced. 

Proposition 4.2. When U G W*-^-* is noi a /ower critical point in f^, vu is 
almost orthogonal to Imf3^P'>*: 
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When U G U^^^ is an homological critical point in Vu is exponentially 
close to ker A^^^; 

C'tj . 



\vu - n. .Tiv(p)t;c7|| =0{e ^ 



Finally, when U E W*-^-* is an upper (resp. a lower) critical point, vu is 
exponentially close to Imf3^P~^^ (resp. Im (5^p'>* ) : 

\m - nj„^(p-i)f;7|| = C(e"~) {resp. \\vu - Uj^^m.vuW = C(e"~)) . 

Proof. The first statement is dual to the one of Proposition 14.11 For the 
second one it suffices to notice that homological critical points are neither 
upper nor lower critical points. For the last one it suffices to notice that the 
number of homological critical points equals the dimension of ker A™^'' . 
Hence the set of 11 .tn(p)Vu' when U' ranges over the homological critical 

points, is an almost orthonormal basis of ker A™*^^'' . If [/ is an upper critical 
point, U-^^^j. ij(p)Vu = vu+0{e h-) is almost orthogonal to the vw and therefore 
to ker A™*-^'' . We deduce 

Vu = Ui^oip-DVu + n, .T]v(p)t;t/ + 0{e~~) = Ili^f^ip-i)Vu + 0{e~~) . 

□ 



4.2 Construction of accurate global quasimodes 

We now define the global quasimodes for Af^h on M which will be used in 
our computations. 

• When U is an homological critical point, take simply 

where vu is the form defined in Theorem 13.91 with a = — oo and b = 

+ 00 . 

• When U is an upper critical point, take 

Uu = Him I3VU 

where vu is the form defined in Theorem 13.91 with a = — oo and b = 

+ 00 . 
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• When U G W^p) is a lower critical point there exist Ui E lA^'^^^'^ with 
f{Ui) = Ci such that dUi = U . In f'^^''^, U becomes an homological 
critical point. We take 

= l[o,h3/2](A/,ft)Xe% 

where vu is now the form defined in Theorem 13.91 with a = — oo and 
b = Ci—e while A f^h is the operator defined on all M . The function Xe 
vanishes in fc^_s^ and equals 1 in /^^~^^ . The value of the parameter 
e will be specified further according to t] . 



4.3 Computation of the matrix of dj^h 

We work with the basis {uju)u&a constructed before and we will denote by 
Uh, Ul, l^u the sets of homological, lower and upper critical points of /, 
and , U^l \ U^^ their respective intersection with U'^'p\ the set of critical 
points of / with index p. 



Proposition 4.3. When Uq belongs to ujf^ UUi^\ then for any U' E U^p+'^\ 

{uw I df^hOJuo) = . (26) 

When Uq belongs to let Ui denote the upper critical point with index 

p + 1 s.t. djs^Ui) = Uq. Then there exists a real constant C > and a 
homological constant n = n{Ui) ^ such that for U' E W^^"*"^); 

)-f(Un) + C 

If U'^U,, {uu' I df,,uu,) = 0{e "-^^) , (27) 

IfU' = U,, {uJuAdf,hOJuo)=±^A{h)e ^{l + 0{h)). (28) 

Moreover the prefactor A{h) is given by the formula 

A(/^)=(^)^ '^^"""^^+^':'^°+^"""^°l\ (29) 



4 



where \{ < ■ ■ ■ < A^^,^ < < ^l^e^i < ■ ■ ■ < denote the eigenvalues of 
HessfiUe), fori E {0,1}. 
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The rest of this section is devoted to the proof of this proposition. We are first 
going to prove the relations and (ITTj) . then, in order to prove (125]) and 
fl29|) . we will in a first time work with a metric which is locally Euclidean 
around the critical points of / before showing that it remains valid for a 
general Riemannian metric. 

Proof of equations fl26l) and fl27j) . When Uq is an upper critical point or a 
homological critical point, then the definition of says 

df,h^Uo — I^^Uq = , 

which yields equation 

Let us now compute {cou' , df^h^u^^) for U' G U^p~^^^ when Uq E U^'^^ is a 
lower critical point with critical value cq. Let Ui E U^^^'^ be the upper 
critical point with critical value ci such that djsUi = Uq ■ The commutation 
(i/,hl[o,h2](A/,h) = lio ^h2]{^f,h)df,h gives 

{Uu' , df^hUJUo) = {^V , df^hl[0,h^]{^%)XeVUo) = i^U' , df^hXeVUo) 
= {VU' , df^hXeVUo) + i^U' - VU' , df^hXeVUo) 

Since df^h^Uo = in supp Vxs, we have 

df,hXeVUo = hdxe^vuo . 
Since dxe is supported in fll_2e and 

|f(7(,(x)| = C(e h ) = C(e h ) for X G supp Vxe , 
the remainder term {uu' — vw , df^hXe^Uo) is bounded by 

ci —CQ — Ce 

\\uu' - vu'\\0{e h ) . 

When U' is not a lower critical point, the relation \\uu' — vu'W = 0{e~'h) 
comes from Proposition 14.21 When U' is a lower critical point, simply note 
that both terms of the r.h.s. in 

\\UU' - Vu'W < \\UJU' - XeVU'W + ||Xe%' " ^C/'ll (30) 

are 0{e~'h) . Actually, the estimate for the second term is obtained after 
comparing vw and vw with the single eigenmode of a Dirichlet realization of 
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^fh^^ in B{U',riQ), again by following |Hel 
Hence we have proved 

Cl — CQ + C 

{uu' , df^hi^uo) = {vu' , hdxe ^vuo) + 0{e ^ ) 

when e > is chosen small enough. 

If f/' 7^ f/i the exponential decay of Vjji, 

\vu'{x)\ = 0{e 1^ ) = 0{e ^ ) for x G supp Vxe , 
leads to 

and equation (1271) is proved. □ 



4.3.1 Proof of Proposition 14.31 when the metric is Euclidean in 
some adapted Morse coordinates 

Let us check equations fl28l) - fl29l) . when the metric is Euclidean in some local 

adapted Morse coordinates for / (around each critical point). 

Note first that we have already proved, for a general metric, the following 

result, 

Vf/' G , {uv , df^hi^u,) = {vu' , hdxe A + Oie-"^^) , 

where C is a positive constant. According to the choice of Xe, the first term 
of the right-hand side vanishes when dsUi ^ Uq . Thus, we can focus on the 
term {vu-^ , hdxe A vuq), when Ui G U^^^^'> satisfies ^^(f/i) = Uq. 

In the ball B{Ui,ri), we use the above adapted Morse coordinates {y',y") 
with y' = {yi,..., y" = {yp+2, ■■■,yd), and f{y) - ci = \ Yfj=i . 

The parameter e > is chosen according to > so that 

/;^:|^ni?(f/i,r^)^0. 

More precisely one takes Ci, C2 > 1 and e = such that 

n [\y"\ < ^} c < 1^,1 < I . \y"\ < ^} c B(C/..„) . 
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Lemma A. 2. 2 of |HeSj4] says that dAg{x,y) = — f{y)\ if and only if 

there is a generahzed integral curve of V/ going from x to y . Hence in 

fc^_2e o^ly points such that dAg{Ui,y) = Ci — f{y) are the points lying 
on the unstable manifold for —V/ . Hence there exists a constant > 
such that 

Vy e f'^: \ 1 1 /I < ^1 , dAg{U,,y)>c,-f{y) + C,. 
By combining this with the exponential decay estimates for vu^ we deduce 
(wc/i , hdxe A Vua) = / {vul , hdxe A vuo)at*m + 0{e h ) . 

With the above inclusion and the approximation of vu^ in B{Ui,r]) stated in 
Theorem 13.91 we get 

{uui , hdXe A Vuo)=Kjj^ / (e 2" dyi A . . . A dyp+i , hdXe A Vua)hT-M 



\y"\<^ 



y 



+ 0(e ^) 
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with K"/} = }'\,^d/4 ■ With an Euclidean metric, inserting e x e~h~ in 



the bracket implies that ^^i^ — {uu^ , hdXe Awc/r,) equals 

(e A ... A d?/p+i , hdxe A e vuo)at;m + 0{e~~) 

= ± / e s c/yp^2 A...AdydA {hdXe) A e~t;[/„ + C(e^~) . 

But our assumption says that d {ehvu^ = in supp VXe ■ Moreover one has 

clearly d{e s dyp^2 A ... A dya) = . Hence the integrand is nothing 
but 

hd Xee " dyp+2 A . . . A dya A e ^ 
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By Stokes' formula the quantity ^-rrji — {uu-^ , hdxe A Vun) equals 
±h / e " ci?/p+2 A . . . A A e ft -yt/o + 0(e ^ ) , 

and by introducing for every fixed y" such that \y"\ < ^ the cycle Cy" 
supported by ^{y',y"), \y'\ = ^| and homotopic to de^^ we get 



is:. 



For any y'\ the cycle Cy" is homologous to de^j^^^ and according to Propo- 
sition I2J2] to 

'^[^{/q] •^'^^ relatively to with 7^ > small enough. 

Owing to d i^hvu^ = in f^^~^ and the exponential decay estimate of vu^ 
stated in Theorem 13.91 for vu^^, we obtain 



T— , hdXe/\vuo) = ±i^h / e e ^ vjj^+0{e " ) . 

Using again Theorem 13.91 with vu^, fiPo) = cq, and decomposition of / 
around Uq, f{z) — cq = | X]j'=i -^j-^j some (adapted) Morse coordinates 
z") = (zi, . . . , Zp+i, ...,Zd),we get, 

''l~°0 /. i),l|„2 /• Y-d ,0,2 ^d 



±Kh 



S^d i),l|„2 /• s^P |\0, 2 



_ |A°...Ag|V^ 



Now, writing successively two Laplace methods, we obtain 

-^^(o;^, , /idx. A = ±Kh— ^-r^ -^(1 + 0{h)) 
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which leads, finally, to the following formula: 

{uu, , hdxe ^ vuo) = ±k{-) — TJT^^o ' + 

The picture below summarizes the scheme of the calculation and use of 
Stokes' formula, for d = 3 and p = 1. 



f = fm 



f = f{Uo) 



Figure 3 

The arrows show the use of Skokes' formula. The dotted part of [e^J shows 
the part of [e^J lying below f{Uo) - 7^ . 

4.3.2 Proof of Proposition 14.31 for a general Riemannian metric 

As in the previous subsection, we look at the term {vu^ , hdxe A vuo), where 
Ui e satisfies deiUi) = Uo, and we use some adapted Morse coordi- 

nates (?/', y") = {yi, . . . , yp+i, y^+a, . . . , y^) in the ball B{Ui,r]). Let us recall 
that the function / has the following decomposition in these coordinates: 

Again, one takes Ci, C2 > 1 and e = En such that 

Ctn{|."|<^}c{^<|.1<|,|."|<^}cB,..,„. 
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and we have the existence of > s.t. 

{vu^ , hdxe A vuo) = / {vui , hdxe A vuo)at*m + 0{e s ) . 
J\y"\<^, 

Choose ?7 > small enough such that Ui is the only critical point of / in 

f-\[c^-2r^,c^ + 2r,]). 

Now, let us introduce the metric gi, 

9i{y) = x{y)9e{y) + (i - x{y))9{y) , 

where < x ^ 1 is a smooth cut-off function such that x = 1 in B{Ui,ri), 
X = outside B{Ui, |?7), g is the usual metric on M, and ge is the Euchdean 

metric ge = E?=i(%)^- 

For g and gi, let and -i;^^ denote respectively the forms defined in Theo- 
rem [3]9] with a = Ci —21] and b = ci + 2t]. Since Ui is the only critical point 
of / in /^^([ci — 21], c\ + 2?]]), this means that v'u^ is a normalized form in the 
one dimensional kernel of A^^'jf^^^ (resp. A™jr^j^~^^^), the Witten Laplacian 
corresponding to the metric g (resp. gi). 

Note also that the boundary conditions are strictly the same for both vu^ and 
•vh , since the metrics q and oi coincide near the boundary. In particular, 
and 4. belong to the =ame domain B(A-f'-') B(A™r") = 
£>(A™*+"). Analogously, ^ft/, and ^if^^ belong to the same domain 
DiA'^l't^-'^) := D(A^!f -^-^)) = ^(A^^^i;/-^)) (we refer to Remark[3j 
for the meaning of A^Jf^)). 
Since ^ 

^i/i = ^5(7i + 0{e~~) 

holds in /~^([ci — 21], ci + 27/]) fl supp dxe , it suffices to estimate 

{vul , hdXe A t;c7o) = / {vu^ , /^c^Xe A vuo)at*m + 0{e s ) . 

The following lemma gives some useful relations between vu^ and ■u^^ , espe- 
cially the second one which will be crucial in the sequel. 
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Lemma 4.4. There exist u in D(Aji^'(^)) and u' in D{A^J'lf ^ s.t. 

e^vu, = hd(e^uj') + {l + 0{h))e^vlj^, (31) 
*(e-^%,) = hd(^e~^co'^+{l + Oih))M{e-^vlj,) . (32) 



Proof. The form (resp. f^J is in the one dimensional kernel of fh 
(resp. A^l^j-^^'^^^) and the isomorphisms 

KerA™r^) ~ Ker 4^/ Rand™ ~ Ker AJ^^J^^ 

with the middle set independent of the metrics, implies the existence of a 
constant ai ^ s.t. 



VUl — tti "^^t/i £ Ran ;j 
e~s~-y^^ — ct-^ e^h^-Ufj^ = /id ( e~s~ci; j . (33) 



This means the existence of a; in D{A^^'^^^^^) s.t. 



Moreover, the form -kvu^ (resp. ^if^J belongs to ker(A^^y^ ^ ^'') (resp. 
ker(A^"^^^^^ ^'^)), and there exists another constant a[ 7^ s.t. 



— *i Vu_^ G Ran d_/^/j 

J 



According to the definition of d^f^hi it means that there exists u' in D{A^T'lf ^ 



s.t. 

^(e~^~^vu^^ — a[ M(^e^^~^vlj^^ = hd ^e^'^w'j . (34) 

In order to show that ai = 1 + 0{h), let us integrate equation fl33p along 

the unstable manifold Cunst, which is a (p + l)-cycle in f^^^^L^ relatively to 
{/ = Ci — 2r]\. Using Stokes' formula, we obtain 

e h. i^vjj^ — aiVjjj = h d i e ^ uj ) = . 

Cunst >' Cunst 

Consequently, the constant ai is given by 
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where the last equahty comes from a Laplace method applied to each integral, 
after introducing the first order WKB approximations of vu-^^ and recalled 
from |HeSj4| in the last statements of Theorem I3.9[ 

In order to obtain the same estimate for a'l, we make the same computation 
with equation [Ml along the stable manifold Cst, which is a {d — p — l)-cycle 

in fcl-2rj relatively to {/ = ci + 2r]}. This gives, according again to the last 
statements of Theorem I3.9[ 



r /~ci 

-l + 0{h) 



Cst " '^^ "C^i 



□ 



Consider now the quantity 



A := / {vu^, hdxs Avuo)at*m 
J\y"\<^ 

= e"~^ / -k{e~^vuj A (hdxe) A (e^^J . 
Ay"\<^ 

By our assumption, %^ is in /~^([ci — 21], c\ + 2if\) solution of H^J^^'^^^^vy^ 
0, then we have on this domain the following equality: 

d (^(e-^%j) = (-l)'^-^e-^d;^,,%, = 0. 

Keeping in mind the relation d{e^~h^v\j^ = in supp^x^, this implies 

*(e ~vuj A (hdx) A {e~f^vuo) = hd (xe *(e ~vui) A {e~f^vuo)) ■ 
Then we have by Stokes' formula, 

e~f^A = h Xe-^ie ~vui) A {e~f^vuo) 



d({\y"\<^}) 



\y"\<^^ J\y'\=^^ 



*(e ^'''ff/J A (e^''%c/o) + C'(e ft) 
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Using now the second equation of Lemma 14.41 let us write 

= h{l + 0{h)) [ [ *i(e-^^^J A (e^vuo) 

[ [ d (e-^tu') A (e^%,) + 0(6"^) . (35) 

But, looking at the second equation of Lemma S3] and using our exponential 
decay estimates, the second term of the r.h.s. is also (up to an exponentially 
error term), 

■J9{{\y"\<^}) ^ ^ 

where the integral term is owing to Stokes' formula. 
Equation [35] can then be rewritten 

e'-^A = h{l + 0{h)) [ [ ^,{e-^dljj A (e^vuo) + 0{e-^) , 



y"\<-!l. J\y'\ = 2lL 



and we can focus on the integral part of the r.h.s., 

B = / vci(e-^^^j A(e^%J. 

J\y"\<^J\y'\=l^ 

Since the metric gi is Euclidean in the ball B{Ui,ri), the Morse decomposition 
of / combined with Theorem 13.91 gives 

B = Ki}l / e H dyp+2A...AdydA{e—vu,) + 0{e'-), 

J\y"\<^ Ay'\=^ 

witn K^^- . 

We can then follow the same proof as the one used in the locally Euclidean 
case in order to obtain the wanted result. The only difference arises in the fact 
that the WKB expansion of vug, given in the last statement of Theorem 13. 9 [ 
contains higher order correcting terms, because the full WKB expansion of 
depends on the metric, and this produces a relative 0{h) error term. 
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4.4 End of the proof of Theorem 11.11 

We recall firstly some notations of Section 14.11 The operator A is defined 
on M (i.e. on 7+^) and 

F = ©J^oF(^) with F(^) = Iml[o,,2](Ag). 

According to Section[31 F^^^ admits an almost orthonormal basis, {vu, U G W^^-*}, 
fulfilling the properties of Theorem 13.91 

Consider now the family of quasimodes, ^uu, U G IJp=o^*'^''}' constructed in 
Section 14.21 For any p in {0, . . . , c?} and U eU^'^\ the p-form uu belongs to 

F'^^'^ and, as already mentioned, uu satisfies the relation ||a;(7— f(7|| = 0{e~~h~) 
(see Proposition 14. 2l for upper or homological critical points and (1301) for lower 
critical points). 

The family {wf/, U G W'-^-'} is then an almost orthonormal basis of F^^^ and, 
thanks to Proposition U31 Theorem 2.3 of |Lepl] applies. For ho small enough 
and h G (0, /iq], we obtain an accurate writing of the non zero eigenvalues of 
: F -> F. 

More precisely, when restricted to F^p^ the non zero eigenvalues of d*j-f^df^h 
are the quantities 

K^B(;,)e-'^ """"''-'r--"""" (i + o(k)) , ujr e ur> , 



with 



where Af < ■ ■ ■ < A^^^ < < ^l+e+i < " ■ ■ < A^ denote the eigenvalues of 
Hess/(f/,); for i G {0, 1}, := U^J+'\ and Uo := deiU^J^'^). 

In particular, d*j-f^df^h : F ^ F has exactly cardWf/ = cardW^ non zero 
eigenvalues and these eigenvalues are distinct. 

This provides all the exponentially small non zero eigenvalues of A j /i accord- 
ing to the last statement of Theorem 13.31 
This ends the proof of Theorem II. 11 



49 



4.5 A relative version of Theorem 11.11 



The analysis for Theorem 11.11 is done on M = . All the constructions 
and the good restriction properties of Morse-Barannikov chain complex, when 
considering H^,{f^, /"), — oo < a <h < +cxd, have their counterpart with the 
Witten Laplacians Aj^ defined on in Section [31 Hence all the proof of 
Theorem 11.11 is still valid for Ajj)^ on except that some end points of 
the relation dsU^^^^^ = U^"^ disappear when they lie in /" or fh . We state 
without more detail the spectral result for A™ on . 

Theorem 4.5. With the same assumptions as in Theorem \l.l\ and when a, h 
are not critical values of f , — oo < a < h < +oo, the exponentially small 
eigenvalues of A™ , defined on f^ according to Proposition \3.1\ are given by 
a mapping : Wfl/^ — ?■ a (A™) derived from the mapping j of Theorem \l.l\ 
by: 

• 3liU) = 3{U){l + 0{h)) y^OtfUe WlH/,^ and U = ObU' with U' e fl ; 

• 3i{U) = j{U){l + 0{h)) ^OifUe Uu^fl anddeU = U' with U' € 
. f,{U) = else. 
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